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1 Introduction

In this antenna technical memo we calculate the noise parameters of an amplifier connected to a mismatched and
lossy antenna. It assumes that the antenna losses and its absolute temperature are known.

For the calculations we employ the scattering noise waves formalism [Meys, 1978] for both, the amplifier and the
antenna. The noise in the amplifier is described in terms of a pair of correlated noise waves, characterized by the
set of parameters: {T,, T, T.}, with 7. being the correlation term. In the antenna the equivalent noise wave is
characterized by the antenna absolute temperature, T}, and its loss.

2 Simple Case: Noisy Ampliber

In this part, we calculate the noise parameters of a amplifier connected to a source with a reflection coefficient I'; and
terminated in an arbitrary load, I';, as shown in Figure 1. The noisy amplifier is represented by a loss-less two-port
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Figure 1: Scattering waves description of a noisy amplifier connected to a network.

scattering matrix plus two equivalent noise waves sources, a,, and b,. From the flow-graph in Figure 1 we obtain,

by = Sorar+ Sxpaz (1)
a1 = bs+an+Tsb, +Tsb (2)
b1 = Suar+ Si2a (3)
as = Dby (4)



With these we obtain
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2.1 The Noise Figure and Noise Temperature

The noise figure of a microwave amplifier is defined, [Gonzales, 1997], as the ratio of the total available noise power at
the output to the available noise power at the output due to thermal noise from the input termination Ry = Re{Z,},
where Ry is at the standard temperature T, = 290K i.e.,
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F = 1+ 1 9
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Let’s define
(lan?y = 2kT,Af (10)
(b]?) = 2kT,Af (11)
(anby) = 2kTIAf (12)

where 7. is the complex correlation temperature between the equivalent noise sources. The noise power available
from the source is: (|bs|?) =2k T, Af (1 —|Ts|?). Therefore, the receiver noise temperature is given by

To+ TS| Ty + [T Ty + 75T

T = 13
1 _ ‘1—\5|2 ( )
with T =To(F —1).
Let’s write,
I, = ~el's (14)
T = Tél'c (15)

Then (13) becomes,

Ta +72Tb +27 T COS(¢S +¢c)
T = o (16)

With v fixed, the minimum of T in (16) occurs when cos (¢s + ¢.) = —1, i.e.,

T, +~2T, —2
Tnz = +’Y b2 17T (17)
1—7




The absolute minimum value of T" as a function of « is obtained by solving,

L4+ — (T + T
(1=7%)
or,
T, + T, T, + T\’
o = —— — — -1 1
" 2T < 2T ) ( 9)
and then,
T, -1, T.+ T\’
Tmin = — 72 2
(B 2
2.2 Family Circles
Reorganizing (13) we could write [Hecken, 1981]:
T-T,
M = ——% = T2+ [[.Ts+T:T 21
g = N+ mer ] (21)
with
Tc
r. = 22
c T+Tb ( )
By noticing that,
|Fs + F:lz = |FS‘2 + [Fc s +17 F:] + |F0|2 (23)
Then (21) becomes,
‘Fs +FZ‘2 = M+ ‘FC|2 (24)

Equation (24) describes a family of circles in the I'y plane with radius R; = /M + |T'¢|? and center at T'y, = —I'%.

Now let’s solve for 7 in (20), i.e

and then replacing that into the right side of (24), for T' = T)n, to obtain,

T T T Tmzn T Tmi’ﬂ
M + T = T 1 b b =g (26)
T=Tmin Tmin + Ty (Tmin + Tb)

i.e., the radius of the circle for the optimum noise temperature is zero. The center of this “circle” in the I's plane is
at

*

T
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or,
Ta+Tb
T8 = Top———>5 (28)
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2.3 Ampliper Noise Temperature: Normal Form
With a = (T, + T5)/2, we could express Ty, in terms of T, Tp, and Iy, ie.,

1 — [Tope?

a? —12 = ai‘ Opt|2 (29)
1+‘F0pt|
To — [Tope* Ty

Tin = ——P 2 (30)
1+‘F0pt|

Finally, we use (13) to calculate T — T},;,, we obtain,

rop o (U Topl’) (Tt TP T) = (Ta+To) (CsTo + T3 T0p) Lo — Lol T )
e (1= |Ts]?) (1+ [Topel?) 1+ |Tope|?

After expanding and simplifying terms using |I's — Iope|? = [Ts|? + [Topt|? — (Ts [, + 5 Topt) we finally obtain:

(Ta + Tb) |Fs - 1—‘opt|2

T = Tmin+t+ (32)
(1= 10sP) (14 [Tope[)
|Fs - Fopt|2
= Tnin+4NT, 33
man o (1 _ |FS|2) (1 + |1—\Opt|2) ( )
where,
ANT, = (T.+Ty) (34)
Solving for T,, T, and T:
|F0pt|2
Te — 5 4NT, + Thnin (35)
1+ |Fopt|
1
Ty, = ——54NT, —Thin (36)
1+ |F0pt|
o 7F2pt
T. = ———4NT, (37)
1+ |F0pt|
This is the same result found in [Valk, 1988] with 7 = o /T, Tj.
Since, T}, > 0, then for 0 < [T, |> < 1,
ANT, > Tomin (14 |Topel?) . (38)



3 Case 2: Noisy and Mismatched Antenna + Ampliber
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Figure 2: A mismatched and noisy antenna connected to an amplifier.

This is the case that is of interest to us. Figure 2 shows the flow-graph of the scattering wave formalism of the
amplifier connected to a very general type of antenna, including mismatches and possibly losses. The antenna is
assumed to be at an absolute temperature 7}, normally different from that of the amplifier. In order to simplify
things, we are going to proceed first to obtain an equivalent source description of the antenna as seen from the
amplifier stand point view.

3.1 Equivalent Source
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Figure 3: A mismatched and noisy antenna and its source equivalent.

In general for I'y # 0,

S9 3 -
W = A (bt ao+Tub,) £ 10, a) (39)
11+ s
with,
S9, T, S0
PA — SO 4 21 +-s~12 40
out 22 1_ Sg)l Fs ( )
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In our case I'y = 0, (i.e., in the antenna far field), then, T’ S9,. Therefore, the equivalent source parameters are:

out —
v, = 89 bs+ 59 a, (41)
I, = 59 (42)

The antenna’s equivalent noise source a, is now the only one that will contribute to the receiver noise temperature.

3.2 Combined Noise Figure and Noise Temperature

Equation (8) now becomes,

521
(1-51T%) (1—-TouTr)

by [531 by + SO o + i + T, Bn} . (43)

Likewise, the noise figure is given by,

2

)

(|88 o +an + T by

F = 1+ (44)
[S511% ([s1)
We have as before, (|an,|?) = 2k T, Af, (|bn|?) = 2k T, Af, and, (G, b%) = 2k 7* Af; but also,
(lao]) = 2kdi T, Af (45)

where, T}, is the absolute temperature of the antenna, and q124 is the antenna loss, and since @, is due to thermal

noise in the antenna, then [Wedge, 1991]: (a, a’) = (a, b) = 0.

n

The noise power available from the source is: (|bs|?) = 2kT, Af (1 —|I's?). Since in our case (in the antenna
far field) I'y = 0, then, the combined noise temperature of the antenna plus the amplifier is:

To+ LTy + [T D+ 75 (T)7]

T = qfx T;D + 0 12 (46)
5511
Ty + T2 Ty + [re T + 75 (T0)"]
= %24 Ty + 2 712 (47)
1- qa — |F9|

This is the receiver noise temperature, that includes the effects of thermal noise generated in the antenna due
to loss but it does not include the antenna noise temperature, due to the far field radiation pattern, i.e., T4,
[Cortés-Medellin, 2004]. This upper equation is the standard form for the equivalent noise of a cascade system. In
the lower equation, we have made use in the denominator of [S9; |2+]5%|%+¢% = 1, for a lossy network [Hecken, 1981].

3.3 Obtaining T

Proceeding as before, let’s define,

=589 = jel'- (48)
. = Tél'c (49)

Then (47) becomes,

To+72 Ty +27 7 cos (6, + )

~2

T = anp—i— 1 q2 P
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With 4 fixed, this expression has a minimum when cos (és + q}c> =—1, or,

. T +7* Ty, — 277
Tm = Q,24 Tp + 2 ) (51)
1—qa—7%

The absolute minimum value of T" as a function of ¥ is obtained now by solving,

- T+ -dh) =7 [Ta+ T(1 — ¢4)]

this yields,
L Lth-dd)  [(TT0-a)) L 5
Too = 2T 2 qa .
Then,
2
Toin = ¢3 T +T“_Tb(1_q124>+\/<Ta+Tb(1—Q,24)> 72 (50
min - A _ )
' 2(1— q124) 2(1— q?q) (1— ‘J,Qq)

Let’s define T/ =T — ¢4 T, thus Toin = AT, + T’

min

3.4 New Family Circles

Let’s reorganize (47)

- T(1-¢4)-T, . . .
o= DU T e (g ). (53)
T+ T,
where, we have defined:
~ TC
r. = = 56
T + Ty ( )
Again, as before, we can write,
~ 12 ~ ~
T4+T: = M+|T.f (57)

This is a new family of circles in the I, plane with radius Ry, = \/ M}, + |T'+|2, and centered at r,, =-I:.

Now let’s solve for 7 in (54), and then use it to find the radius of the circle when 7" = T7,

min?

o= [ T 0 )] @) (53)
replacing this into (57), we obtain,

- 7 2
) T (1—¢2) =T, |:Ta — Tpin (1 = qa)
M + |1—\c|2’ i _ min ~(, qA) + — =0 (59)
T=Tmin Tmin + Ty Tmin + T

i.e., the radius of the circle for the optimum noise temperature is zero. The center of this “circle” in the I', plane is
at

~ ~ —*
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3.5 Receiver Noise Temperature: Final Form

We are going to express the receiver noise temperature as a function of T, T3, I'ope, the antenna losses, q% and its

absolute temperature 7,,. Let us first obtain an expression for Tynin as a function of these parameters:

~, T2
T . +T, = + 2
min b C C (1_q?4)

Ta+Tb (1 _q.»24)

2(1 - q%)
and,
B2 T, - Trlnin(l - Qi)
|F0pt| = =
Tb + Tm,in

or,

s _ T, - ‘f0pt|2Tb

e 1+ ‘F0pt|2 - q,24
finally, we replace (64) into (60) to obtain,

* = Ta + Tb (1 - q124)
Te = o ——=—35—5
1+ |Fopt| —d4a

Now, using (47) we could write,

To+Ty— a3 T . .

Ta+|Fls‘2Tb_ [ = ’ qu Qb] (F/s F:pt+(rg)*F0pt) = 2
T = 1+ [Cope|” — g4 T _~|F0pt| Ty
e 1 - ‘F;|2 - ‘1,24 1 + |Fopt|2 - q124
After some tedious steps we finally obtain,
. N (Ta + T, (1 - Q,24)> .
T = T+ 1% = Tope|®

(14 Poptl* = a) (1 = T4 = a3)
|F; _fopt|2
(14 Poptl? = ) (1 = 742 = ¢3)

QiTp"‘TJnin“'ZlNTo

T

Where, we have restored T/ — T — - T,, and we have defined,
INT, = (T+T(1-3)

The original set of noise parameters for the amplifier are given by,

|I~10;mf|2 N7 2\
T, = —=———54NT,+(1—-q2) T,in
1+ |Fopt|2 - 9,24 ( )
1 - -
T, = —4NTO—T;“»,L

1+ |fopt|2 - ‘L24
~_ ok
7Fopt

1+ |f0pt|2 - q124

Tec

(61)

(62)

(63)

(64)

(65)

(66)



4 Summary

We have derived the equivalent noise temperature of an low noise amplifier connected to a lossy and mismatch
antenna at a temperature T, i.e.,

T = AT, +T!

min

- T — Tope|?
+4NTO - | s Pt|
(14 Poptl® = a4) (1 = T4 = a3)

(73)

The equation in this form is similar to the normal form, (33), except that the antenna losses increase the equivalent
noise temperature of the combined antenna+LNA assembly. The noise parameter 4 N T, is now,

INT, = (T+T(1-¢) (74)

Notice that the new receiver noise parameters {]\7 Tonin, f‘opt} reduce to the original amplifier set {N, Tpin, Iopt }
when the losses, ¢4 — 0, regardless of the presence of mismatch.
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